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Numerical approximations for transport 
parameters in the framework of 
multidimensional conduction models 

M. BEDDA,  C. R. P ICHARD,  A. J. TOSSER 
Laboratoire d'Electronique, Universitd de Nancy 1, BP 239, 54506 Vandoeuvre-les-Nancy 
Cedex, France 

General expressions for the electrical conductivity, the temperature coefficient of resistivity, the 
thermoelectric power, the thermal conductivity and the Hall coefficient of thin metal films are 
proposed. The basic functions are extensively tabulated, and linearized general expressions are 
obtained in this way; they are in agreement with approximate equations obtained previously. 
Physical consequences are deduced in good agreement with previous data. 

1 .  I n t r o d u c t i o n  
Recent  studies [1, 2] related to the electrical resistivity 
of  thin metal  films, the t empera tu re  coefficient o f  resis- 
tivity and the Hall  coefficient at low magni tude  field 
lead to linearized expressions [1, 3, 4] which exhibit  
similar forms.  

The aim of  this paper  is to give general expressions 
for  the electrical conductivi ty,  its t empera ture  coeff- 
cient and the Hall  coefficient; to tabula te  their values; 
and to p ropose  approx ima te  linearized expressions,  
whatever  the film structure,  i.e. monocrysta l l ine ,  
co lumnar  or polycrystall ine.  

2. Theore t ica l  models  
F r o m  theoretical  studies in the f r a m e w o r k  of  three- 
dimensional  [1, 5] or  b idimensional  [1, 2, 4, 6] models  
of  conduct ion  the following general formula t ions  for  
the electrical resistivity 0r or conduct ivi ty  o-f, its tem- 
pera ture  coefficient (t.c.r.) tic, and  the Hal l  coefficient 
(at low magnet ic  field) o f  thin meta l  films can be 
proposed ,  whatever  the film structure: 

af/ao = A(b,  7) (1) 

fir~rio = B(b, y) [A(b, 7)]- '  (2) 

RHr/RHo = B(b, 7) [A(b, 7)] -2 (3) 

with 
b = # ' + Clv l (4) 

= b '(1 + C2v - ' )  (5) 

(7  # = a2o ~ In p > 0.3 (6 ' )  

v = Dg2o'  In t > 0.3 (7 ' )  

/~ = a2o1(1 + p) [2(1 -- p ) ] - i  (6") 

v = Dg2ol(1 + t)[2(1 -- t ) ] - '  (7") 

wi thout  any restriction in p and t; 

A ( b , y )  = 3 1 7  - 1 +  (1 - 72 ) l n ( 1  + 7 ')] (8) 
ZD 

3 
B(b, 7) -- 2b 217 ' - 2 + 271n(1  + 7- ' )1 (9) 

where C, is a cons tan t  depending on the structure of  
the film (C, = 1 - C in the case of  polycrystal l ine 
films [l]; C, = - C in the case o f  monocrys ta l l ine  [6] 
and co lumnar  [2] films). C is a cons tant  equal to 4/r~, 
a is the film thickness, 20 the electron mean  free pa th  
in the bulk material ,  p the usual [1, 7] specular  reflec- 
t ion coefficient at  the film surface, Dg the grain dia- 
meter ,  t the statistical t ransmission coefficient at  a 
grain bounda ry  [1, 8] and the subscript  o refers to the 
bulk material .  

Let  us r emember  tha t  the thermoelectr ic  power,  Sf, 
can also be expressed in terms o f  the reduced t.c.r. 
[9, 10], provided that  the only dependence on electron 
energy in the size effect and g ra in -boundary  funct ion 
is due to that  in 2 o; it becomes 

S r - 3eEF U -I- V (10) 

where B is the Bol tzmann  constant ,  T the absolute  
tempera ture ,  - e  the electronic charge,  EF the Fermi  
energy, and 

U - ~ In ~r o (11) 
8 In E E=eF 

O In 2 E (12) 
V = c~ln 

E = E  F 

where E is the electron energy. 
Moreover ,  in the case of  noble metals  the thermal  

conduct ivi ty  due to electrons, Cr, is deduced f rom the 
electrical conduct ivi ty  according to the Wiedemann-  
Franz  law [10, 11] which states tha t  

Cf 
- L (13) 

a f T  

where L is the Lorentz  constant ,  given by 

L = n:BZ/3e 2 (14) 

In the case of  polycrystal l ine structure Equa t ion  4 
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becomes [1] 

b = b 3 = # l 4- (1 - C)v  ' (15) 
In the case of  columnar or monocrystalline films, b 
becomes [1, 21 

b = b 2 = /.t - 1 -  CV 1 (16) 

In the case where no grain-boundary scattering is 
operative, b reduces to 

b = bl = # i (17) 

Equations 15 to 17 and Equations 1, 2, 3, 10 and 13 
show that Equations 8 and 9 allow a complete quan- 
titative description of the transport properties of  
metal films. 

3. Numerical  results 
3.1. Tabulated values of A(b,  y) and B(b, y) 
Numerical values of  A(b, ~/) and B(b, 7) have been 
calculated (Table I) with the aid of  a microcomputer, 
limiting our attention to the values of  b and y satisfy- 
ing the relation 

Ib71 > 1 (18) 

which is a consequence of Equations 4 and 5. 

T A B L E  I Numerical values of A(1, y), B(1, 7) and B(1, 7)/ 

A2( 1, 7) 

y A(I, y) B(1, 7) B(1, 7)/AZ(1, y) 

0.050 3.8803 27.4566 1.8234 
0.100 2.9608 12.7193 1.4508 
0.150 2.4615 7.9165 1.3065 
0.200 2.1301 5.5750 1.2286 
0.250 1.8882 4.2070 1.1799 
0.300 1.7015 3.3197 1.1465 
0.350 1.5518 2.7031 1.1224 
0.400 1.4284 2.2533 1.1042 
0.450 1.3246 1.9129 1.0900 
0.500 1.2359 1.6479 1.0788 
0.550 1.1590 1.4368 1.0696 
0.600 1.0915 1.2654 1.0620 
0.650 1.0319 1.1242 1.0556 
0.700 0.9787 1.0061 1.0502 
0.750 0.9310 0.9064 1.0456 
0.800 0.8879 0.8212 1.0416 
0.850 0.8487 0.7478 1.0382 
0.900 0.8129 0.6841 1.0351 
0.950 0.7801 0.6284 1.0324 
1.00 0.7500 0.5794 1.0301 
1.05 0.7221 0.5360 1.0279 
1.10 0.6963 0.4975 1.0261 
1.15 0.6723 0.4630 1.0243 
1.20 0.6499 0.4320 1.0228 
1.25 0.6290 0.4041 1.0214 
1.30 0.6094 0.3789 1.0201 
1.35 0.5911 0.3560 1.0190 
1.40 0.5738 0.3352 1.0179 
1.45 0.5575 0.3161 1.0169 
1.50 0.5422 0.2987 1.0160 
1.60 0.5139 0.2679 1.0145 
1.70 0.4884 0.2417 1.0131 
1.80 0.4654 0.2192 1.0119 
1.90 0.4445 0.1997 1.0109 
2.00 0.4254 0.1827 1.0100 
2.10 0.4078 0.1679 1.0092 
2.20 0.3917 0.1547 1.0085 
2.30 0.3768 0.1431 1.0079 
2.40 0.3630 0.1328 1.0073 
2.50 0.3502 0.1235 1.0068 
3.00 0.2978 0.0891 1.0050 
4.00 0.2292 0.0527 1.0030 
5.00 ~ 0.1864 0.0348 1.0019 

T A B L E  I continued 

7 A(1, 7) B(1, 7) B(1, J/A2(1, y) 

6.00 0.1570 0.0247 1.0014 
7.00 0.1357 0.0184 1.0010 
8.00 0.1195 0.0142 1.0008 
9.00 0.1067 0.0114 1.0006 

i!0:00 0.0964 0.0093 1.0005 
ll.00 0.0879 0.0077 1.0004 
12.00 0.0808 0.0065 1.0003 
13.00 0.0747 0.0055 1.0003 
14.00 0.0695 0.0048 1.0002 
15.00 0.0650 0.0042 1.0002 
16.00 0.0610 0.0037 1.0002 
17.00 0.0575 0.0033 1.0002 
18.00 0.0544 0.0029 1.0001 
19.00 0.0516 0.0026 1.0001 
20.00 0.0490 0.0024 1.0001 
21.00 0.0467 0.0021 1.0001 
22.00 0.0446 0.0019 1.0001 
23.00 0.0427 0.0018 1.0001 
24.00 0.0410 0.0016 1.0001 
25.00 0.0394 0.0015 1.0000 
26.00 0.0379 0.0014 1.0000 

- 1.25 1.2670 1.8353 1.1432 
- 1.30 1.1823 1.5648 1.1194 
- 1.35 1.1095 1.3560 1.1015 
- 1.40 1.0460 1.1901 1.0877 
- 1.45 0.9899 1.0553 1.0767 
- 1.50 0.9401 0.9437 1.0678 
- 1.55 0.8953 0.8500 1.0604 

1.60 0.8548 0.7704 1.0543 
- 1.65 0.8180 0.7021 1.0490 
- 1.70 0.7844 0.6428 1.0446 
-- 1.75 0.7536 0.5911 1.0407 
- 1.85 0.6990 0.5054 1.0344 
- 1.95 0.6519 0.4376 1.0295 
-- 2.05 0.6110 0.3829 1.0256 
-- 2.15 0.5750 0.3381 1.0224 
-- 2.25 0.5431 0.3008 1.0198 
- 2.35 0.5146 0.2695 1.0176 
- -  2.45 0.4890 0.2430 1.0158 
- 2.55 0.4659 0.2202 1.0142 
-- 2.65 0.4449 0.2005 1.0129 
- 2.75 0.4257 0.1834 1.0118 
- -  2.85 0.4081 0.1684 1.0108 
- -  3.00 0.3844 0.1491 1.0095 
-- 4.00 0.2771 0.0771 1.0048 
- -  5.00 0.2168 0.0471 1.0029 
- -  5.80 0.1847 0.0341 1.0021 
- -  6.00 0.1781 0.0317 1.0019 
- 7.00 0.1511 0.0228 1.0013 
-- 8.00 0.1312 0.0172 1.0010 
- -  9.00 0.1160 0.0134 1.0008 
--10.00 0.1039 0.0108 1.0006 
- -  12.00 0.0860 0.0074 1.0004 
--14.00 0.0734 0.0053 1.0003 
- -  16.00 0.0640 0,0040 1.0002 
- 18.00 0.0567 0.0032 1.0001 
- 20.00 0.0509 0.0025 1.0001 
--22.00 0.0462 0.0021 1.0001 
--24.00 0.0423 0.0017 1.0000 
- 26.00 0.0390 0.0015 1.0000 
- 28.00 0.0362 0.0013 1.0000 
- 30.00 0.0337 0.0011 1.0000 
- 32.00 0.0316 0.0010 1.0000 

34.00 0.0297 0.0008 1.0000 
- 36.00 0.0280 0.0007 1.0000 
- 38.00 0.0265 0.0007 1.0000 
-40.00 0.0252 0.0006 0.9999 
-42.00 0.0240 0.0005 0.9999 
-44.00 0.0229 0.0005 1.0000 
-46.00 0.0219 0.0004 0.9998 
- -  48.00 0.0209 0.0004 1.0000 
- -  50.00 0.0201 0.0004 0.9998 
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Figure l Rela t ive  dev ia t ion  of  A 2 f rom B (Equa t ions  8 and  9) wi th  

7 (Equa t ion  5); the value  of  b (Equa t ion  4) is i r re levant  in the range  

ex tend ing  f rom - 10 to + 100. 

Since C~ takes negative value, Equation 4 shows 
that b can take negative values; the minimal value bm~n 
is obtained for 1/# = 0 so that 

bmi n = C I/"9 

The corresponding value of 7 is 

~min - -  

with 

v + C  2 

where 

C 2 
~ m  - -  Cl 

C1 

C 2 
7m - -  - -  ~ - 6  

1 - C  

~ 7m < 0 

for polycrystalline films 

7m - -  C ~ -- 1.28 for monocrystalline and 
columnar films 

Hence the range of  values for 7 in Table I is 7 < 
7m < 0 a n d 7  > 0. 

Since it has been theoretically predicted [12, 13] that 
the Hall coefficient at low magnetic field exhibits a 
slight size effect, the values of  A 2 have been computed 
(Table I). It appears that the relation 

A 2 ~ B (19) 

is valid in a large domain of the values of  b and 7 
(Fig. 1). 

Numerical values of  the quantity --[7 -- (Ab) -j] 

"7 

7" 

J . 
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Figure 2 Var ia t ion  in 7-(Ab) 1 wi th  7. The value  of  b is i r re levant  
( 10 < b < 100). 

have been computed showing that the relation 

7 - (Ab)  I ~ _ _ 0 . 3 7 5  (20) 

is valid in a large domain (Fig. 2). Consequently an 
approximate linearized expression for A is 

A ~ [b7 + Czb] 1 (21') 

with C2 = 0.375. An alternative form is 

A ~ [1 + (C 2 + CIC2)"9 1 _~_ C 2 # - 1 ] - 1  

p, t > 0.3 (21") 

Tabulated values of A have been computed from 
Equations 8 and 21' (Fig. 3). 

When Equations 8 and 9 are expanded in power of 
7 i the following equations are obtained: 

3 3 
A(b, 7) ~ ~ b l n y  1 4b (22) 

3 3 
B(b ,  7) ~ 2b2y b 2 (23) 

When Equation 21' is not valid (Fig. 2) the above 
equations hold (Figs. 4 and 5). 

3.2. Approximate expressions for the 
electrical parameters at large thickness 

Starting from Equations 1, 2, 3, 10 and 13 the follow- 
ing equations are valid in the validity range of 
Equation 21": 

C 2 -]- C I C2 C2 Oo _ Or ~ 1 + + - -  ( 2 4 )  
Of ~0 o "9 # 
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Figure3 Relative deviation of A' (Equation 21') from A 
(Equation 8) with y (Equation 5). The value of b is irrelevant 
( -10  < b < 100). 

,6r/,6o ~ Qo/Qr (25) 

Rm/Rno ~ 1 (26) 

Sr - 3eEF U + V 

~2B2 T F V ~o-1 
(27) 

_ [ c 2 + c i Q ~ ]  ' Cr ~ I + + (28) 
C O v 

with C2 = 0.375. 

J 
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Figure 4 Relative deviation of A' (Equation 22) from exact A 
(Equation 8) with 7 (Equation 5). The value of b is irrelevant 
( -10 < b < 100). 

20 �84 

I I I I > 
0.01 0.1 0.2 0.3 "~ 

0.4 

Figure 5 Relative deviation of B' (Equation 23) from exact B 
(Equation 9) with y (Equation 5). The value of b is irrelevant 
( -10  < b < 100). 

3.3. Compar ison  w i t h  p rev ious  express ions  
ob ta ined  for large th ickness  

In the case o f  monocrystal l ine films, taking Dg = a, 
the following approximate  expression has been empir- 
ically proposed  [1, 14]: 

~fm ~ 1 q- k-1 [0.36 In 1 -It] - + 1 . 1 4 4  I n  ( 2 9 )  
Qo P 

provided that  k >> 0.01, t > 0.3, p > 0.3, where 
k = a/2o. Equat ion  29 can be compared  with 
Equat ion  24 for 

C1 = - C 

to give 

0rm/Po ~ 1 -]- Y 1 -I- 0.375/z 1 (30) 

in qualitative agreement with Equat ion  29. 
In the case o f  polycrystalline films the following 

asymptot ic  formula  has been proposed  [1, 15]: 

QfP ~,~ 1 + #-~[4.7v l + 3] 1 (31) 
~g 

whose validity range is # > 0.1, 0.1 < v < 4, where- 
as Equat ion  24 gives 

~fP ~ 1 + C2 1 (32) 
~g # 1 + ( C  + CtC2)/v 

with C~ = 1 - C, i.e. 

0rp ~ 1 + # 1 1 (33) 
Qg 2.62 + 4v -1 

which is not  far f rom the empirical Relat ion 31, whose 
validity range differs. 

In the case o f  an infinitely thick polycrystalline 
film, Equat ion  24 takes the form 

C 2 + CI C2 
0g ~ 1 + (34) 
Qo v 

with C1 = 1 - C to give 

~g/0o ~ 1 + 1.5v -1 (35) 

whereas the expression obtained [1, 16] under  the 
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assumption of isotropic grain-boundary scattering is 

Qg/~o = 1 + 1.45v ' (36) 

in good agreement with Equation 35. 
When no grain-boundary scattering occurs Equa- 

tion 24 becomes 

9f/Oo "~ 1 + 0.375#-' (37) 

in good agreement with the usual Fuchs-Sondheimer 
asymptotic expression [1, 7] 

Qf ~ 1 + 3(1 - p ) k - '  (38) 
~o vs 

since the deviation of In (l/p) from (1 - p) is not 
marked as long as p does not take low values. 

3.4. Approximate expressions at low 
thickness or grain size 

When Equation 22 and 23 are valid, Equations 1, 2, 3, 
10 and 13 becomes 

0"f 3 7-  I ,) ,] - -  ~ In [1 - (2  In 7 ( 3 9 )  
O" o 

/3-s ~ (by in Y-') 1 (1 -- 27) (40) 
/30 

RHf 2 - 1 ~7 (In 7 - ' ) - 2 ( 1  -- 27) 
RHo 

3LT  in 7 ' 
Cf 

( 4 1 )  

~2 B2 T 
[U + V(b7 In 7- ' ) - ' (1  - 2y)] 

(42) 

2 b [1 - (2 In 7-1) - '  ] (43) 

When no grain-boundary scattering occurs Equa- 
tions 39 to 41 take the following forms at very low 
thickness: 

O'f l _ ,~ 3 #  In #- # < 1 (44)  
0" o 

/3--5-f .~ (In # - 1 ) - 1  # .~ 1 (45) 
/30 

Rrif 2 -1(1 n #-1)-2 ~# # ~< 1 (46) 
Rno 

Equations 44 to 46 have previously been obtained [17] 
in the framework of the extended Cottey conduction 
model [1, 18]. 

In the case of very thin monocrystalline films the 
grain diameter Dg takes values independent of the film 
thickness; consequently v = constant and # r 1. 
Hence 

b ~ # - '  (47) 

7 ~'~ (1 + C2y -1) (48) 

lnT- '  ~ I n # - '  ( 4 9 )  

and Equations 39 to 41 become 

~rr #-,  
- -  ,.~ 3 # l n  
0" o 

# < 1, Dg = constant (50) 

/3f 
/3o 

RHf 

RHo 

[(1 + C2v - ' )  In #-1]-,  

# ~ 1, Dg = constant (51) 

..~ ] # - ' ( 1  + C2v -1) '(In #- , ) -2  

# < 1, Dg = constant (52) 

It appears that the electrical conductivity exhibits 
the same behaviour whether grain-boundary scatter- 
ing exists or not. On the other hand, the values of the 
t.c.r, and the Hall coefficient are lower than those 
obtained in the absence of grain-boundary scattering. 

The case of very thin continuous polycrystalline 
films is related to the fact that the thickness threshold 
for the continuity of the film generally corresponds to 
the grain size [1, 9]; hence this case is in close analogy 
with that of a monocrystalline film where the grain 
diameter is equal to the film thickness. The case is the 
same for very thin columnar films. Hence 

b ,~ k - ' [M(p)  -- CU(t)] k < 1 (53) 

with 

7 

with 

l i l / p  p > 0.3 
(53') M ( p )  -- 

0 ~ < p < ~ l  

l i l / t  t > 0.3 
(53") N(t) = 2 1 - t) 0 <<. t <~ 1 

Zt  

C { M ( p )  [CN(t)] - 1 -  1} -1 k < 1 (54) 

A(b,  70) ~ h 4 k  k <~ 1 (55) 

B(b, 7o) ~ B4 k2 k < 1 (56) 

A4 

94 

Consequently 

Since 

= A(1, 70) [M(p) - CN(t)]-' (57) 

= B(1, 70) [M(p) - CN(t)] -2 (58) 

O'f 
- -  ,.~ A 4 k  k ~ 1, Og = a (59) 
O" o 

flf B4 k 2 k ,~ 1, Dg = a (60) 
/3o Z 

RHf B4 - -  k ~ 1 Dg = a (61) 
R.o A] 

= a (63) 

k . r  1,7o < 2 

(64) 

B(1, 7o) "-~ A2( 1, 70) 7o > 2 (62) 

new equations can be derived from Equations 57, 58 
and 62: 

RHf/RHo ~ 1 k < 1, 70 > 2, Dg 

Rur/R.o "~ B(1, 70) [A(1, 70)] 2 

As shown in Table I, marked variations in RHr/RHo 
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may be observed when 7o varies, i.e. for variations in 
t and/or p. 

For  polycrystalline films of  given thickness with 
Very fine grains v < 1 and therefore 

b ~ (1 - C)v 1 v ~ 1 (65) 

7 ,-~ C2( 1 - C )  -1 = 7, (66) 

where 7J = - 5 . 8 .  Consequently 

~r/ao ,.~ Asv v < 1 (67) 

flf/flo "~ B5 vz v 4 1  (68) 

Rnf/Rno "~ Bs/A 2 v < 1  (69) 

where 

A 5 = (l  - C ) - I A ( 1 ,  7 ,)  (70) 

B5 = (1 -- C)-2B(1, ?'1) (71) 

Numerical values of  A(1, 7) and B(I, 7) (Table I) 
show that for 7 = 7~ 

B(1, ~)1) 

Therefore 

RHf/RHo 

[A(I, 7.)12 (72) 

1 v ,~ I (73) 

4. Some physical consequences 
Equation 24 expresses the Matthiessen's rule [1, 11] 
which assumes the additivity of  the contributions to 
the electrical resistivity due to the various sources of  
scattering. The earliest empirical formulation in this 
form was proposed several years ago [19]. 

Equation 24 can be rewritten in the following form: 

~f eo 1 
- -  ~ 1 + ( 2 2 - - -  (74) 
e~ el # 

with 

( C2 Avy CIC2) 
Q1 = eo 1 + 

Introducing 

(75) 

2~ = 20 eo (76) 
Q1 

and 

20 
#1 = ~l # 

Equation 74 becomes 

e! ~ 1 +  C2 
el Pl 

(77) 

(78) 

This equation has the same form as the usual Fuchs-  
Sondheimer expression (Equation 37) and can be 
called the effective F - S  equation, as previously sug- 
gested [1, 20]; 21 is then an effective mean free path 
[20, 21]. 

In the case of  polycrystalline films, one can refer to 
the transport parameters of  the infinitely thick film 
(subscript g); one then obtains 

efp ~,~ 1 + __C2 (79) 
eg #g 

and 

2oQo 
/~g -- (80) 

eg 

as expected [1] since the effective parameter #g can be 
defined by 

2o 
#g ~ ~gg # (81) 

Comparing Equation 26 with Equation 24 shows 
that the size effect in the Hall coefficient is less marked 
than in the resistivity of  a metal film of polycrystalline 
columnar or monocrystalline structure, at large 
reduced thickness. This feature has been separately 
established for any structure [2, 4] and confirmed by 
many experiments [1]. 

In the case where the grain diameter remains 
constant at low film thickness the variation in the 
conductivity (Equation 50) is not altered by the 
grain-boundary scattering whereas this is the case for 
the t.c.r. (Equation 51) and the Hall coefficient 
(Equation 52). 

From Equation 52, it is easily seen that the ratio of 
the reduced Hall coefficient of  monocrystalline films 
to that of the monocrystal sample Ruf/Rno Ivs, may be 
written as 

RHf/RHo = RHf/RHoIvs (1 + C2v ') -1 (82) 

This equation suggests a procedure for an experimental 
determination of  v. It also shows that the variations in 
RHr/RHo have a lower magnitude in the presence of  
grain-boundary scattering. 

From Equation 50 and 52 it is deduced that the size 
effect in the Hall coefficient is less marked than in the 
electrical resistivity at low thickness, as expected since 
theoretical studies [12] have also established this 
feature at large thickness. 

Equation 51 shows that the t.c.r, cannot take nega- 
tive values at low thickness if the grain size remains 
constant. 

At low film thickness, when the grain diameter is 
equal to the film thickness, comparing Equations 50 
and 59 suggests that the size effect in the electrical 
conductivity is more marked for Dg --- a. In this case 
the Hall coefficient can take values near unity, whereas 
this is not the case for a constant value of  Dg. 

One must not forget that a nucleation-growth of  
thin metal films often occurs with Dg = a [1, 3] except 
in the cases of chemically deposited films [22-25] 
which can be built in clusters [26, 27]. 

As expected when a polycrystalline film contains 
very fine grains, the grain-boundary scattering is of  
major importance and determines all the transport 
properties (Equation 67 to 69); moreover the Hall 
coefficient is close to that of the bulk material. 

Since the Hall coefficient of  a thin metal film could 
take in some cases the value unity at both large and 
low thickness, we have calculated an asymptotic 
expression of  the Hall coefficient for ,/ >> 1 which is 
more accurate than Equation 26. 

Introducing the parameter G as 

G = 1 + CZv -1 (83) 
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in Equations 8 and 9 gives 

1 
A(b, 7) = ~ 7 [ ?  - 1 +  (1 - ?2) ln(1 + ? ')] 

(84) 

1 
B(b,v) = ~ 7 2 [ ? - '  _ 2 + 271n(1 + ? ')] 

(85) 

For large values of ? the asymptotic expressions for 
Equations 84 and 85 are 

A(b, 7) ~ F 1 - ~ + ~ (86) 

B(b,?) ~ ~ 1 - ~ + ~ (87) 

Hence 

RHf 1 
,-~ l -{- (1  __ 24)  (88)  

RHo 

In the absence of grain-boundary scattering 7 reduces 
to/~ and Equation 88 is identical to a previous result 
[17]. 

In the case of infinitely thick polycrystalline films, 7 
takes the asymptotic value ?g given by 

v (1 + C2v ') (89) 
?g -- l ~  

It is clear that 

C 2 

I?gl > c -  1 - 5 .8 (90)  

and consequently Equation 88 gives 

1 < Rng/R~o < 1 + 1.7 x 10 3 

i.e 

RHg/RHo ~ 1 (91 )  

in good agreement with direct tabulations [12]. 

5. Discussion 
The total set of Equations 1 to 9 is valid as long as the 
extended Cottey model can be used for calculating the 
effect of electron scattering at the film surface. Recent 
discussions [28, 29] have established that this is the 
case if the electronic reflection coefficient p takes 
values higher than 0.3; a similar condition is required 
for the electronic transmission coefficient t [1], but no 
limitation due to the film thickness holds, as recently 
pointed out [28]. 

The approximate equations which are proposed in 
this paper can be replaced by other approximate 
equations if the validity range is not convenient for 
practical implementation; empirical suggestions have 
recently been made in this way [4]. 

From a general point of view, it is seen that the 
electrical resistivity and its temperature coefficient are 
basic tools for analysing the transport properties; 
no further information can be derived from Hall 
measurements, which can only ensure the total consis- 
tency of the assumptions. Thermoelectric measure- 
ments depend on parameters (U and V) which can be 

determined by simultaneous experiments on conduc- 
tivity and t.c.r., as previously illustrated in the case of 
polycrystalline and monocrystalline films [10]. 

For separating polycrystalline effects from colum- 
nar effects, the only way consists in calculating from 
experiments the coefficient C~, whose value is -0 .27  
for polycrystalline film and - 1.27 for columnar films; 
however, since C, is multiplied by the unknown quan- 
tity N(t) in the linearized expressions, this path does 
not markedly differ from a blind alley. The equations 
could be used for the calculation of t, provided that 
the structure was well known, for instance from crys- 
tallographic studies. 

6. Conclusion 
Approximate expressions may be used for expressing 
the whole set of transport properties of thin metal 
films, in the framework of bidimensional and three- 
dimensional conduction models. The simplest linear- 
ized expressions are based on the expression for the 
electrical conductivity only. Further simple linearized 
expressions can be proposed in the rest of the experi- 
mental domain. 
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